
Exercises
1. Mini-Course 1 - Alberto CALABRI - Introduction to plane Cremona maps

Exercise 1. Consider the rational map α : P2 99K P4 given by

α([x0 : x1 : x2]) = [x21 : x22 : x0x1 : x0x2 : x1x2]

and call S the image of this map.

(a) Determine the fundamental points of α.
(b) Choose your favourite line L1 passing through P = [1 : 0 : 0]. Show that the image of L1 via α is a

line in P4.
(c) Do the same for each line passing through P .
(d) Choose your favourite line L2 not passing through P . Show that the image of L2 via α is a conic

in P4.
(e) Do the same for each line not passing through P .
(f) Show that S is isomorphic to the blow up of P2 at P .
(g) Find the equations in P4 of the exceptional curve E of S.

Notation. Denote by σ the standard quadratic map σ([x0 : x1 : x2]) = [x1x2 : x0x2 : x0x1].

Exercise 2. Let P1 = [1 : 0 : 0], P2 = [0 : 1 : 0], P3 = [1 : 1 : 1] in P2.

(a) Define a quadratic plane Cremona map γ with fundamental points P1, P2, P3.
(b) Find linear maps α, β such that γ = α ◦ σ ◦ β.
(c) Find, it it exists, γ as above such that γ is an involution, i.e. γ−1 = γ.

One says that a quadratic Cremona map with three fundamental points is of the first type.

Exercise 3. Consider the rational map γ : P2 99K P2

γ([x0 : x1 : x2]) = [x22 : x0x1 : x1x2].

(a) Compute the fundamental points of γ.
(b) Show that γ is birational by computing its inverse γ−1.
(c) Find an open subset of P2 where γ is an isomorphism.
(d) Describe γ as the composition of blowing-ups and blowing-downs.
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(e) Find two quadratic maps σ1, σ2 of the first type such that γ = σ1 ◦ σ2.
(f) Find three linear maps α1, α2, α3 such that γ = α1 ◦ σ ◦ α2 ◦ σ ◦ α3.

One says that γ is a quadratic plane Cremona map of the second type.

Exercise 4. Consider the birational map γ : P2 99K P2

γ([x0 : x1 : x2]) = [x1x2 : x22 − x0x1 : x21].

(a) Compute the fundamental points of γ.
(b) Find an open subset of P2 where γ is an isomorphism.
(c) Describe γ as the composition of blowing-ups and blowing-downs.
(d) Find two quadratic maps σ1, σ2 of the second type such that γ = σ1 ◦ σ2.
(e) Write γ as the composition of σ and linear maps. How many σ’s do you use?

One says that γ is a quadratic plane Cremona map of the third type.

Exercise 5. Let P1 ∈ P2 be a point and τ1 : S1 → P2 be the blowing up of P2 at P1, with exceptional
curve E1. Let P2 ∈ S1 be a point of E1 and τ2 : S2 → S1 be the blowing up of S1 at P2, with exceptional
curve E2. Denote by Ẽ1 the strict transform of E1 via τ2 and let P3 be the point E2 ∩ Ẽ1.

(a) Show that, for each point P ∈ E2, P 6= P3, there exists a plane conic C such that the strict
transform of C via τ1 ◦ τ2 passes through P .

(b) Show that there is no plane conic whose strict transform via τ1 ◦ τ2 passes through P3.

One says that P3 is proximate to P1 and P3 is infinitely near of order 2 to P1, so P3 is an example of a
satellite point (to P1).

Notation. Let φ = τ1 ◦ · · · ◦ τn : S = Sn → S0 = P2 be a sequence of blowing ups τk : Sk → Sk−1 at a
single point Pk ∈ Sk−1. For each k = 1, . . . , n, denote by

• Ek ⊂ Sk the exceptional curve of τk,
• Ẽk the strict transform of Ek in S via τn ◦ · · · ◦ τk+1,
• Ek the total transform of Ek in S via τn ◦ · · · ◦ τk+1.
• L the total transform in S of a general line in S0 = P2.

One says that Ph is proximate to Pk, and we write Ph → Pk, if h > k and Ph lies on the strict
transform of Ek on Sh−1 via τh−1 ◦ · · · ◦ τk+1. In particular Pk+1 → Pk if Pk+1 ∈ Ek.

Denote by Q the proximity matrix, namely the n× n matrix whose entries are

qij =

{
1 if Pj → Pi
0 otherwise.

Exercise 6. With notation as above, show that Q = (qij) has the following properties:

(a) each column has at most two non-zero entries;
(b) if qij = qhj = 1 and h > i, then qih = 1;
(c) two columns, each one with two non-zero entries, are not equal.

Exercise 7. With notation as above,

(a) show that {L,E1, . . . , En} is a set of generators of Pic(S) ∼= Zn+1,
(b) show that Ei · Ej = −δij, for each i, j = 1, . . . , n;
(c) show that L · L = 1 and that L · Ei = 0, for each i = 1, . . . , n;
(d) compute the n× n matrix N = (nij) such that

Ẽi =
n∑
j=1

nijEk

in terms of Q; show that N is invertible and compute its inverse in terms of Q;
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(e) show that also {L, Ẽ1, . . . , Ẽn} is a set of generators of Pic(S);
(f) compute the n× n matrix (Ẽi · Ẽj), i, j = 1, . . . , n, in terms of Q.

Exercise 8. Let C be a plane curve of degree d and C̃ its strict transform in S.

(a) Show that there exist non-negative integers m1, . . . ,mn such that

C̃ ∈ |dL−m1E1 − · · · −mnEn|

where mk is the multiplicity at Pk of the strict transform of C in Sk−1, k = 1, . . . , n.
(b) Show that, for each k = 1, . . . , n, one has

(1) mk ≥
∑

j : Pj→Pk

mj,

that is called the proximity inequality at Pk.
(c) Find conditions such that the equality holds in (1).

Exercise 9. With notation as above, the Enriques weighted graph of C̃ is defined as the directed graph
with vertices P1, . . . , Pn and arrow from Ph to Pk if and only if Ph → Pk, and such that mk is the weight
at Pk, k = 1, . . . , n.

(a) Let C6 : (x21 + x22)
3 − 4x20x

2
1x

2
2 = 0. Find P1, P2, P3 such that C̃6 is smooth and write its Enriques

weighted graph.
(b) Let C3 : x0x

2
1 − x32 = 0. Find n and P1, . . . , Pn such that C̃3 is smooth and there is no exceptional

curve Ek which does not meet transversely C̃3. Write the Enriques weighted graph of C̃3.
(c) Do the same for C5 : x30x

2
1 − x52 = 0.

Exercise 10. Consider the plane Cremona map γ : P2 99K P2 defined by

γ([x0 : x1 : x2]) = [x0x
2
1 : x31 : x30 + x21x2].

(a) Describe the base locus of γ, i.e. its base points including infinitely near ones.
(b) Show that there is no quadratic plane Cremona map ρ such that ρ ◦ γ is quadratic.
(c) Find three quadratic plane Cremona maps σ1, σ2, σ3 such that γ = σ1 ◦ σ2 ◦ σ3. Which types of

quadratic transformations do you find?

Exercise 11. Compute all solutions (d;m1, . . . ,mn) to Noether’s equations

n∑
k=1

mk = 3(d− 1),
n∑
k=1

m2
k = d2 − 1,

for 2 ≤ d ≤ 7. How many of them do not satisfy Hudson’s test?

Exercise 12. Let γ be a plane De Jonquières map of degree d > 2 and let P be the base point of
multiplicity d− 1 of the homaloidal net Lγ.
(a) Show that an infinitely near base point of Lγ can be satellite only to P .
(b) Show that the simplicity of γ is (1, 2d− 2, s) with 0 ≤ s ≤ d− 2.
(c) Show that the bounds for s are sharp by producing examples, at least for d = 3, 4.
(d) When s = d − 2, describe the Enriques weighted graph of the general element of Lγ, under the

assumption that all base points of Lγ are infinitely near to P .
(e) Explain how to decompose De Jonquières transformations in quadratic ones.
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2. Mini-Course 2 - Serge CANTAT - Examples of birational transformations
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3. Mini-Course 3 - Stéphane LAMY - Polynomial automorphisms

Exercise 1. Let n ≥ 1. Find a bijective polynomial map from Rn to Rn that is not a polynomial
automorphism. Then meditate on that for a minute or two.

Exercise 2. Let k be the field with two elements. Your first instinct might be that Aut(A2
k) is a finite

group. However, the exercise is to show that Aut(A2
k) contains a free group over two generators!

Exercise 3. (1) Let T be a tree, and f, g two elliptic isometries of T without a common fixed point.
Prove that 〈f, g〉 = 〈f〉 ∗ 〈g〉.

(2) Let k be your favourite field. Find an example of two involutions f, g ∈ Aut(A2
k) such that you

can apply the previous question to the action on the Bass-Serre tree.

Exercise 4. Let E = {(x, y) 7→ (x+ P (y), y) | P ∈ k[X]} be the elementary group, and let Eλ be the
conjugate of E by aλ : (x, y)→ (λx+y, x), where λ ∈ k. Prove that the subgroup of Aut(A2) generated
by the Eλ is a free product (and observe that if the field k is uncountable, this is a free product over
uncountably many factors...):

〈Eλ | λ ∈ k〉 = ∗
λ ∈ k

Eλ ⊂ Aut(A2) ⊂ Bir(P2).

Exercise 5. Let k be your favourite field again. Give an explicit example of a polynomial automorphism
g ∈ Aut(A2

k) with exactly 8 base points.

Exercise 6. For this exercise we work over an algebraically closed field. We know by the classical
theorem of Noether & Castelnuovo that any birational self-maps g of P2 can be decomposed as a
product of quadratic maps, each of them with three proper base points (that is, no infinitely near base
point). Moreover, any polynomial automorphism of A2 can be naturally extended as a birational map
of P2. The question is: what is is the minimal number of such quadratic maps that you will need to
factorize the polynomial automorphism g : (x, y) 7→ (x+ y3, y)?


