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Abstract
This article studies algebraic elements of the Cremona group. In particular, we
show that the set of all these elements is a countable union of closed subsets but
it is not closed.

1 Introduction

In the sequel, the ground field k will be a fixed algebraically closed field. The
Cremona group of rank n is the group BirðPnÞ of birational transformations of the
projective space P

n. There is a natural topology on it, called the Zariski topology
(see Sect. 2 for a precise definition).

An element u 2 BirðPnÞ is said to be algebraic if it is contained in an algebraic
subgroup G of BirðPnÞ. This is equivalent to the fact that the sequence
fdegðumÞgm2N is bounded (Corollary 2.9). We can also observe that G is in this
case an affine algebraic group (Blanc and Furter 2013, Remark 2.21), so there exists
a Jordan decomposition u ¼ usuu, where us;uu 2 G are semi-simple and unipo-
tent respectively. As observed in Popov (2013, Sect. 9.1), this decomposition does
not depend on the choice of G, so there is a natural notion of semi-simple and
unipotent elements of BirðPnÞ. In fact, the group G could even be chosen to be the
commutative algebraic subgroup fuiji 2 Zg of BirðPnÞ (Proposition 2.8).
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In Popov (2013), V.L. Popov asks whether the set of unipotent elements of
BirðPnÞ is closed, as it is the case in all linear algebraic groups. This also raises the
question of knowing if the set of algebraic elements is in fact closed.

After giving some properties of the Zariski topology of BirðPnÞ in Sect. 2, we
describe in Sect. 3 two families of birational maps that give the following result:

Theorem 1 For each n� 2, there are two closed subsets U; S � BirðPnÞ, canon-
ically homeomorphic to A

1 and A
1 � ðA1nf0gÞ respectively, such that the fol-

lowing holds:

(1) The set of algebraic elements of U is equal to the set of unipotent elements of U,
and corresponds to the elements t 2 A

1 that belong to the subgroup of (k, +)
generated by 1.

(2) The set of algebraic elements of S is equal to the set of semi-simple elements of
S, and corresponds to the elements ða; nÞ 2 A

1 � ðA1nf0gÞ such that a ¼ nk

for some k 2 Z.

In particular, the set BirðPnÞalg of algebraic elements of BirðPnÞ is not closed in
BirðPnÞ. Moreover, if charðkÞ ¼ 0, the set of unipotent elements of BirðPnÞ is not
closed.

Let us finish this introduction with some remarks:

(1) The set BirðPnÞalg is a countable union of closed sets of BirðPnÞ (Proposition
2.11).

(2) We do not know if the set of unipotent elements of BirðPnÞ is closed in
BirðPnÞalg (although it is not closed in BirðPnÞÞ.

(3) One can restrict ourselves to the subgroup AutðAnÞ � BirðAnÞ’BirðPnÞ.
Over k ¼ C, it follows from Furter (1999) that the set of algebraic elements of
AutðA2

C
Þ is closed in AutðA2Þ. The question is however open for An, n� 3.

The author thanks the referee for his careful reading and his corrections.

2 A Few Properties of the Zariski Topology of BirðPnÞ
2.1 Families of Birational Maps and the Zariski Topology

Induced

We recall the notion of families of birational maps, introduced by Demazure (1970)
(see also Serre 2010; Blanc and Furter 2013).
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Definition 2.1 Let A, X be irreducible algebraic varieties, and let f be a A-birational
map of the A-variety A� X, inducing an isomorphism U ! V , where U;V are
open subsets of A� X, whose projections on A are surjective.

The rational map f is given by , where p2 is the second
projection, and for each k-point a 2 A, the birational map corre-
sponds to an element fa 2 BirðXÞ. The map a 7! fa represents a map from A (more
precisely from the AðkÞ-points of A) to BirðXÞ, and will be called a morphism from
A to BirðXÞ.

These notions yield the natural Zariski topology on BirðXÞ, introduced by
Demazure (1970) and Serre (2010):

Definition 2.2 A subset F�BirðXÞ is closed in the Zariski topology if for any
algebraic variety A and any morphism A ! BirðXÞ the preimage of F is closed.

We can make the following simple observations:

Lemma 2.3 Let X; Y be irreducible algebraic varieties, let l : XY and w : XX be
birational maps and let m 2 Z be some integer. The following maps are continuous

ð1Þ BirðXÞ ! BirðXÞ; ð2Þ BirðXÞ ! BirðXÞ;
u 7!wu u 7!uw

ð3Þ BirðXÞ ! BirðXÞ; ð4Þ BirðXÞ ! BirðXÞ
u 7!um u 7!uwu�1;

ð5Þ BirðXÞ ! BirðYÞ
u 7!uwu�1;

Proof Let A be an irreducible algebraic variety. If f ; g are two A-birational maps
f ; g : A� XA� X inducing morphisms A ! BirðXÞ, then f � g and f�1 are again
A-birational maps that induce morphisms A ! BirðXÞ. This shows that the map
BirðXÞ ! BirðXÞ given by u 7!um is continuous. Similarly, ðid� wÞ � f , f �
ðid� wÞ and f � ðid� wÞ � f�1 are A-birational maps that induce morphisms
A ! BirðXÞ, so the maps BirðXÞ ! BirðXÞ given by u 7!uw, u 7!wu and uwu�1

are continuous. The continuity of the last map is given in a similar way, by
observing that ðid� l�1Þ � f � ðid� l�1Þ also yields a A-birational map that
induces a morphism A ! BirðXÞ. □
Corollary 2.4 Let u 2 BirðXÞ. Denote by F the closure of fuiji 2 Zg in BirðXÞ.
Then, F is a closed abelian subgroup of BirðXÞ.
Proof The argument is the same as for algebraic groups or topological groups, and
follows from Lemma 2.3, which gives the properties needed for the proof. Let us
recall how it works.

(1) For each j 2 Z, the set u jF is a closed subset of BirðXÞ which contains
fuiji 2 Zg, and contains thus F. This implies that u jF ¼ F for each j 2 Z.
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(2) Let us write M ¼ fw 2 BirðXÞjwF � Fg ¼ T
f2F

Ff�1. Since M is closed and

contains fuiji 2 Zg, M contains F. This shows that F is closed under
composition.

(3) Similarly, the set I ¼ fw�1jw 2 Fg is closed in BirðXÞ and contains
fuiji 2 Zg; hence it contains F. The set F is then a subgroup of BirðXÞ.

(4) It remains to see that F is abelian.

We denote by CðlÞ ¼ fw 2 BirðXÞjwl ¼ lwg the centraliser of an element
l 2 BirðXÞ. Note that CðlÞ is the preimage of the identity by the continuous map
BirðXÞ ! BirðXÞ which sends w onto wlw�1l�1. A point of BirðXÞ being closed
by definition of the topology, this shows that CðlÞ is closed.

Because CðuÞ is a closed subgroup of BirðXÞ which contains fuiji 2 Zg, it
contains F, so each element of F commutes with u.

Finally, we write S ¼ fw 2 BirðXÞjwf ¼ fw for each f 2 Fg ¼ T
f 2F

Cðf Þ, which
is again closed, contains fuiji 2 Zg, and thus contains F. This shows that F is
abelian. □

2.2 Reminders of Results of Blanc and Furter (2013)

Recall the following natural construction associated to BirðPnÞ (which is Blanc and
Furter 2013, Definition 2.3):

Definition 2.5 Let d be a positive integer.

(1) We define Wd to be the set of equivalence classes of non-zero ðnþ 1Þ-uples
ðh0; . . .; hnÞ of homogeneous polynomials hi 2 k½x0; . . .; xn� of degree d, where
ðh0; . . .; hnÞ is equivalent to ðkh0; . . .; khnÞ for any k 2 k	. The equivalence
class of ðh0; . . .; hnÞ will be denoted by ðh0 : . . . : hnÞ.

(2) We define Hd�Wd to be the set of elements h ¼ ðh0 : . . . : hnÞ 2 Wd such that
the rational map wh : P

n
P
n given by ðx0 : . . . : xnÞðh0ðx0; . . .; xnÞ : . . . :

hnðx0; . . .; xnÞÞ is birational. We denote by pd the map Hd ! BirðPn
kÞ which

sends h onto wh.

It follows from the construction that Wd is a projective space and that
pdðHdÞ ¼ BirðPnÞ
 d. Moreover, we have the following properties:

Proposition 2.6 (Blanc and Furter 2013, Lemma 2.4, Corollaries 2.7 and 2.9)

(1) The set Hd � Wd is locally closed, and is thus an algebraic variety.
(2) The map pd : Hd ! BirðPnÞ is a morphism. It yields a map Hd ! BirðPnÞ
 d

which is surjective, closed and continuous. In particular, it is a topological
quotient map.
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(3) A subset F � BirðPnÞ is closed if and only if ðpdÞ�1ðFÞ is closed inHd for each d.

We also have the following description of algebraic subgroups of BirðPnÞ:
Proposition 2.7 (Blanc and Furter 2013, Corollary 2.18 and Lemma 2.19)

A subgroup of BirðPnÞ is an algebraic subgroup if and only if it is closed and of
bounded degree.

2.3 Algebraicity and Boundedness of the Degree Sequence

Proposition 2.8 Let u 2 BirðPnÞ.

(1) If the sequence fdegðumÞgm2N is bounded, then fuiji 2 Zg is a commutative
algebraic subgroup of BirðPnÞ.

(2) If the sequence fdegðumÞgm2N is unbounded, then u is not contained in any
algebraic subgroup of BirðPnÞ.

Proof Proposition 2.7 directly yields (2). Let us prove (1).
We suppose then that fdegðumÞgm2N is bounded. Because degðu�mÞ


ðdegðumÞÞn�1 for each m (Bass et al. 1982, Theorem 1.5, p. 292), the set fuigi2Z is
contained in BirðPnÞ
 d for some d. The closure F of fuiji 2 Zg in BirðPnÞ is then
again contained in BirðPnÞ
 d. By Corollary 2.4, F is a commutative subgroup of
BirðPnÞ and is then a commutative algebraic subgroup of BirðPnÞ
(Proposition 2.7). □

Corollary 2.9 Let u 2 BirðPnÞ. The following are equivalent:

(1) The element u is algebraic.
(2) The sequence fdegðumÞgm2N is bounded.

Proof Directly follows from Proposition 2.8. □

Lemma 2.10 The Zariski topology of BirðPnÞ
 d is noetherian, i.e. every
decreasing sequence of closed subsets is eventually stationary.

This is not the case for BirðPnÞ.
Proof By Proposition 2.6, we have a map pd : Hd ! BirðPnÞ
 d, which is sur-
jective, continuous and closed. The topology of Hd being noetherian (it is an
algebraic variety), the same holds for BirðPnÞ
 d.

The fact that the topology of BirðPnÞ is not noetherian has already being
observed in Pan and Rittatore (2016). It can be shown by taking a sequence
fuigi2N of maps ui of degree i. Then Fi ¼ fujjj � ig is closed in BirðPnÞ for
each i (follows from Proposition 2.6) but the sequence F1 � F2 � F3 � . . . is not
stationary. □
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Proposition 2.11 For each integers k; d 2 N let us write

BirðPnÞk;d ¼ ff 2 BirðPnÞjdegðf kÞ
 dg
BirðPnÞ1;d ¼ ff 2 BirðPnÞjdegðf iÞ
 d for all i 2 Ng:

Then, the following hold:

(1) The set BirðPnÞk;d is closed in BirðPnÞ.
(2) The set BirðPnÞ1;d ¼

T
i2N BirðPnÞi;d is closed in BirðPnÞ.

(3) The set BirðPnÞalg of all algebraic elements of BirðPnÞ is equal to the union of
all BirðPnÞ1;d.

Proof By Proposition 2.6, the set BirðPnÞ
 d is closed in BirðPnÞ for each d. The
map BirðPnÞ ! BirðPnÞ which sends u onto uk being continuous (Lemma 2.3),
this directly shows that BirðPnÞk;d is closed in BirðPnÞ. This yields (1), which
implies (2).

Corollary 2.9 yields the equality BirðPnÞalg ¼
S

d2N BirðPnÞ1;d, which corre-
sponds to (3). □

3 Two Explicit Families

3.1 A Unipotent Example

Example 3.1 For n� 2, let q : A1 ! BirðPnÞ be the morphism given by

which corresponds on the affine open subset where x0 ¼ 1 to the family of
birational maps given by

ðx1; . . .; xnÞ ! ðx1 þ 1; x2 � x1 þ a

x1
; x3; . . .; xnÞ:

Lemma 3.2 The map q : A1 ! BirðPnÞ of Example 3.1 is a topological
embedding.

Proof The fact that q is injective can be directly checked on the formula given above.
We then consider the closed embedding q̂ : P1 ! W2 that sends ½l : k� 2 P

1 to

½lx0x1 : lx1ðx1 þ x0Þ : lx2x1 þ kx2x0 : lx3x1 : . . . : lxnx1�:
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When l ¼ 0, this does not give a birational map of P
n, so q̂ð½0 : 1�Þ 62 H2.

However, we have p2ðq̂ð½1 : t�ÞÞ ¼ qðtÞ for each t 2 A
1, so the restriction to A

1

yields a closed embedding A
1 ! H2. It remains to show that the restriction of p2 to

q̂ðP1n½0 : 1�Þ is an homeomorphism, which is given by Proposition 2.6. □

Proposition 3.3 The morphism q : A1 ! BirðPnÞ of Example 3.1 has the following
properties:

(1) For t 2 k, the following conditions are equivalent:

(a) qðtÞ is algebraic;
(b) qðtÞ is unipotent;
(c) qðtÞ is conjugate to qð0Þ : ðx1; . . .; xnÞ 7! ðx1 þ 1; x2; . . .; xnÞ;
(d) t belongs to the subgroup of ðk; þÞ generated by 1.

(2) The pull-back by q of the set of algebraic elements is not closed if charðkÞ ¼ 0.

Proof (1) Proceeding by induction, the iterates of qðaÞ send ðx1; . . .; xnÞ onto:

qðaÞ : ðx1 þ 1; x2 � x1 þ a
x1

; x3; . . .; xnÞ;
qðaÞ2 : ðx1 þ 2; x2 � ðx1 þ aÞðx1 þ aþ 1Þ

x1ðx1 þ 1Þ ; x3; . . .; xnÞ;
qðaÞm : ðx1 þm; x2 � ðx1 þ aÞðx1 þ aþ 1Þ���ðx1 þ aþm�1Þ

x1ðx1 þ 1Þ���ðx1 þm�1Þ ; x3; . . .; xnÞ:

Then, the second coordinate of qðaÞmðx1; . . .; xnÞ is

Qm�1

i¼0
ðx1 þ aþ iÞ
Qm�1

i¼0
ðx1 þ iÞ

:

If a does not belong to the subgroup of ðk; þÞ generated by 1, then the
denominator and numerators have no common factor, for each m 2 N, so the degree
growth of qðaÞm is linear, which implies that qðaÞ is not algebraic.

If a belongs to the subgroup of ðk; þÞ generated by 1, it is equal to k 2 Z, and
the degree of fqðaÞmgm2N is bounded by jkj þ 1, so qðaÞ is algebraic. We can
moreover see that qðaÞ is unipotent. Indeed, qðaÞ is conjugate to

qð0Þ ¼ ðx1; . . .; xnÞ ! ðx1 þ 1; x2; x3; . . .; xnÞ
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by

ðx1; . . .; xnÞ ! ðx1; x2
x1ðx1 þ 1Þ. . .ðx1 þ a� 1Þ ; x3; . . .; xnÞ

if a ¼ k[ 0 or by

ðx1; . . .; xnÞ ! ðx1; x2 � x1ðx1 � 1Þ. . .ðx1 þ aÞ; x3; . . .; xnÞ

if a ¼ k\0.
Assertion (2) follows directly from (1) and the fact that the subgroup of ðk; þÞ

generated by 1 is closed if and only if charðkÞ 6¼ 0. □

3.2 A Semi-simple Example

Example 3.4 For n� 2, let q : A1 � A
1nf0g� � ! BirðPnÞ be the morphism given

by

qða; nÞð½x0 : x1 : . . . : xn�Þ ¼ ½x0ðx1 þ x0Þ : nx1ðx1 þ x0Þ
: x2ðx1 þ ax0Þ : x3ðx1 þ x0Þ : . . . : xnðx1 þ x0Þ�

which corresponds on the affine open subset where x0 ¼ 1 to the family of bira-
tional maps

Lemma 3.5 The map q : A1 ! BirðPnÞ of Example 3.4 is a topological
embedding.

Proof The proof is similar to the one of Lemma 3.2. The fact that q is injective can
be directly checked on the formula given above. We then consider the closed
embedding q̂ : P2 ! W2 that sends ½l : g : k� 2 P

2 to

½lx0ðx1 þ x0Þ : kx1ðx1 þ x0Þ : x2ðlx1 þ gx0Þ : lx3ðx1 þ x0Þ : . . . : lxnðx1 þ x0Þ�:

These elements correspond to birational maps if and only if lk 6¼ 0. Hence, we
have a closed embedding A1 � ðA1nf0gÞ ! H2 that sends ða; nÞ onto q̂ð½1 : a : n�Þ.
Moreover, we have p2ðq̂ð½1 : a : n�ÞÞ ¼ qða; nÞ. The fact that the restriction of p2 to
the image is a homeomorphism is then given by Proposition 2.6. □

Proposition 3.6 The morphism q : A1 ! BirðPnÞ of Example 3.4 has the following
properties:
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(1) For ða; nÞ 2 A
1 � ðA1nf0gÞ, the following conditions are equivalent:

(a) qða; nÞ is algebraic;
(b) qða; nÞ is semi-simple;
(c) qða; nÞ is conjugate to qð1; nÞ : ðx1; . . .; xnÞ 7! ðnx1; x2; . . .; xnÞ;
(d) There exists k 2 Z such that a ¼ nk.

(2) The pull-back by q of the set of algebraic elements is not closed.

Proof (1) Proceeding by induction, the iterates of qða; nÞ send ðx1; . . .; xnÞ onto:

qða; nÞ : nx1; x2 � x1 þ a
x1 þ 1 ; x3; . . .; xn

� �
; 0:2cm

qða; nÞ2 : n2x1; x2 � ðx1 þ aÞðnx1 þ aÞ
ðx1 þ 1Þðnx1 þ 1Þ ; x3; . . .; xn

� �
; 0:2cm

qða; nÞm : nmx1; x2 � ðx1 þ aÞðnx1 þ aÞ���ðx1nm�1 þ aÞ
ðx1 þ 1Þðx1nþ 1Þ���ðx1nm�1 þ 1Þ ; x3; . . .; xn

� �
:

Then, the second coordinate of qða; nÞmðx1; . . .; xnÞ is

Qm�1

i¼0
ðnix1 þ aÞ

Qm�1

i¼0
ðnix1 þ 1Þ

:

If a does not belong to the subgroup of ðk; �Þ generated by n, then the denom-
inator and numerators have no common factor, for each m 2 N, so the degree
growth of qða; nÞm is linear, which implies that qða; nÞ is not algebraic.

If a belongs to the subgroup of ðk; �Þ generated by n, it is equal to a ¼ nk for
some k 2 Z, and the degree of fqða; nÞmgm2N is bounded by jkj þ 1, so qða; nÞ is
algebraic. We can moreover see that qða; nÞ is semi-simple. Indeed, qða; nÞ is
conjugate to

by

if k[ 0 or by

if k\0.
Assertion (2) follows from (1) and the fact that the subset of A1 � ðA1nf0gÞ that

consists of elements ða; nÞ such that a ¼ nk for some k 2 Z is not closed. □
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