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Representation varieties

e Joint with H-C Herbig and C. Seaton, to appear in Geometry
and Topology, arXiv:2108.07306. Same title. Call it [HSS].
e Let G be a semisimple complex Lie group.
e For p>1, let m, be the quotient of the free group on
generators ay, by, ap, ..., ap, by by the normal subgroup generated
by

[a1, ba][a2, bo] - - - [ap, bp]
where [a;, b;] is the commutator a,-b,-aflbfl.
e For C closed Riemann surface genus p, m1(C) ~ 7p.
e Let Z, := Hom(mp, G) denote the representation variety, the
homomorphisms from 7, to G. Scheme structure as ®~1(e) where

®: G = G, (g1,h,8,-- 8 hp) — [g1, ]~ [gp, hp].

e & is G-equivariant where g € G acts on G and G%P by
conjugation on each component. Hence G acts on Z.
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Representation varieties and growth sequence

e Let I be a group and r,(I) the number of n-dimensional
irreducible complex representations of ' (the growth sequence of

M.
o) Aizenbud and Avni, Invent. 2016 and Duke 2018.

Theorem

Let p > 2, let pg be trivial element of Z,. Consider the following:
R1. The tangent cone TC,, to Z, at po has rational singularities.
R2. Z, has rational singularities.

R3. Assume G simple, simply connected, rank at least 2 and
defined over Z. Then ry(G(Z)) = o(n?P=2%€) for any € > 0.

Then R1 +<— R2 = R3.
e R1 true for p > 21.
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Bounds on p and tangent cone

e True for p > 11 Kapon (2019), p > 4 by Glazer, Hendel (2020).
e Budur (2019). If simple factors of G are of type A, then R1
holds for p > 2 (best possible).

e Proof uses quivers, criterion of Mustata for rational
singularities in terms of jet schemes and Luna’s slice theorem.
e [HSS]: p > 2 works for all G.

e R3: r,(G(Z)) = o(n?*°).

e The tangent cone to Z, at pg is zeroes of map

(x1, .. xp,yl,...,yp)€g2p|—>2[x,,y,]eg Case p=1...

° Usmg Killing form this is a mapping from gP & (g°)* — g%,
which is a moment mapping:
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Moment mappings

e Let G be complex reductive and V a G-module.

e U=V & V* has standard G-invariant symplectic form o:
o((vi, vix), (v2,v3)) = vi(v2) — v5(v1). Then V and V* are
Lagrangian subspaces of U.

e Standard equivariant moment mapping u: V & V* — g*. For
veV, vie V¥ Ac gwe have pu(v,v¥)(A) = v*(A(v)).

e 1 is unique equivar. moment map for (U, o) with 1(0) = 0.

e Denote u71(0), the shell, by N. Only depends upon (V, G°).
Since 1 is G-equivariant, N has a G-action.

e If V =gP, then TC, is isomorphic to N.
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Properties of N and V

Main Question: For which V does N have rational singularities?
e Let V(, ={x€ V|[dimGy=n}. Wesay V is k-modular,
k >0, if codimy V(,,) >n+ k forn>1.

e (Panyushev) V is k-modular if and only if a certain
cohomological condition holds for C[N].

e Let V/ be a G-submodule of U which is Lagrangian with
corresponding shell N'. Then N ~ N’ G-equivariantly.

e V' is k-modular iff V is. Useful fact.

Theorem

Assume that V' is 0-modular. Then
1. N is a complete intersection of dimension 2dim V —dim G.
2. N is reduced and irreducible if and only if V' is 1-modular.
3. N is factorial (C[N] is a UFD) if and only if V is 2-modular.
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The generic case

Theorem (Generic case)

1. Suppose that V is (dim G )-modular. Then N is a complete
intersection with rational singularities

2. Let k > 0 and G be semisimple. Consider G-modules V
where V¢ =0 and all irreducible G-submodules W C V are
almost faithful. Then, up to isomorphism, there are only
finitely many V' which are not k-modular.

Gerald W. Schwarz When zero fiber has rational singularities



More conditions on N and V

e Let X be an affine G-variety. Then there is the categorical
quotient 7x: X — X //G dual to the inclusion C[X]¢ c C[X].

e Tx is onto and each fiber of mx contains a unique closed
G-orbit.

e There is a principal isotropy group H such that the set of fibers
of mx whose closed orbits are G-isomorphic to G/H is an open and
dense subset X, of X.

e We say X has FPIG (finite principal isotropy groups) if H is
finite. Then X, consists of closed orbits.

e We say a G-variety is good if it is Cl with FPIG and rational
singularities.
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More conditions on N and V

e Let X be an affine G-variety. Then there is the categorical
quotient 7x: X — X //G dual to the inclusion C[X]¢ c C[X].

e Tx is onto and each fiber of mx contains a unique closed
G-orbit.

e There is a principal isotropy group H such that the set of fibers
of mx whose closed orbits are G-isomorphic to G/H is an open and
dense subset X, of X.

e We say X has FPIG (finite principal isotropy groups) if H is
finite. Then X, consists of closed orbits.

e We say a G-variety is good if it is Cl with FPIG and rational
singularities.

Theorem (HSS)

Let G° be a torus and V a G-module. If V is 1-modular, i.e., N is
a variety, then N is good.
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Symplectic slice representations of N

e Let x € N where Gx is closed. Then H = G is reductive and
E = T,(Gx) ~g/b.

o VOV*~E®E*®S where E and E* are isotropic and o
induces a symplectic H-invariant form os on S.

e Call (S, H) the symplectic slice representation at x.

e S admits an H-stable Lagrangian submodule W and o is
standard on S = W @ W*. We have the standard moment
mapping S — h* with shell Ns.

Theorem (Symplectic slice theorem)

The following are G-equivariantly isomorphic: N near Gx and (the
homogeneous bundle over G/H with fiber Ns) near G/H.

e Corollary: Let (P) be one of the following conditions: reduced,
smooth, normal or rational singularities. Then N satisfies (P) at x
if and only if Ns satisfies (P) at 0.
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Symplectic slice representations satisfying ().

e The null cone NC(V) of a G-module V is 7} (7y(0)) and
similarly NC(N) = 7y (7n(0)).

e Define A(V) = max{dimL | L c NC(V), L is linear}.

o AV*)=A(V).

o Let (S=Wao W* H) be symplectic slice representation of N.
Write S = SH @ Sy as H-module.

o Ns = S" x Ny where Ny is shell of any Lagrangian
H-submodule Wy of Sp.

Definition
Let (S, H) be a symplectic slice representation of N and S, etc. as
above. Then (S, H) satisfies (x) if one of the following holds.

S1. HOis a torus and and N is a variety.

S2. There is a Lagrangian H-submodule Wy of Sy such that
AM(Wo) < dim Wy — dim H.
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Theorem (Main Theorem)

Suppose that every symplectic slice representation of N satistfies
(x). Then N is good. Moreover, N/JG has symplectic singularities
and is (graded) Gorenstein.
Theorem (Main Theorem for V = gP, p > 1.)
Let G be semisimple, V = gP for p > 1 and N = Ny. Let (S, H)
be a symplectic slice representation of N. Then

1. (S, H) satisfies (), hence N is good.
Suppose that p > 2 or that G has no simple factor of rank 1.
Then

2. Ns is factorial. So N is factorial and V' is 2-modular.

3. C[Ns]* = C* = C[N]*.

4. If H has trivial character group, then Ns//H is factorial. In

particular, N/ G is factorial.
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When is A(V) < dim V — dim G?

e It is not easy to determine A\(V) in general.

Proposition
Suppose that V is orthogonal.
1. AM(V) = (1/2)(dim V —dim VT) where T is a maximal torus
of G.
2. AM(V) <dimV —dim G if and only if
dim G < (dim V +dim V7).

e If V =g, due to Gerstenhaber for G = SL, (1958). For general
G simple this is due to Meshulam and Radwan (1998). Also
treated by Draisma-Kraft-Kuttler [2006]. Latter gave idea we used
to prove proposition.
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Applications to representation and character varieties

e Recall that Z, = Hom(7p, G) is a representation variety and

Y, = Z,// G is the corresponding character variety. Here p > 2.

o let z € Z, such that Gz is closed with isotropy group H. W.
Goldman calculated TG, in the 80's.

e [HSS]: Up to a vector space, TC, ~ N\, where

W =n” o (g/h)P "
e (%) holds, so that TC, has rational singularities. It follows that
Z, has rational singularities. Not AA proof.

Theorem

1. Z, is good of pure dimension (2p — 1) dim G.

2. Yy has dimension 2(p — 1) dim G and symplectic singularities.
Suppose that p > 2 or G has no factor of rank 1.

3. Zp is locally factorial with singularities in codimension four.

4. The component of Y, containing the image of pg is locally
factorial with singularities in codimension 4.

Gerald W. Schwarz When zero fiber has rational singularities



Classical representations of classical groups

e Let G be a classical group and V a direct sum of copies of the
defining representation (and its dual).

e Here are NASC conditions on V to be 1-modular, i.e., for N to
be a variety;

(V,G) = (kC" @ £(C")*, GL,(C)), k + £ > 2n.

(V,G) = (kC" @ £(C")*,SL,y(C)), k+¢>2n—1.
(V,G) = (kC?",Sp,,), k>2n+1.

(V,G) = (kC",SO,(C)), n>2, k>n—1.
(V,G) = (kC',Gp), k > 4.

(V, G) = (kC8, Spins(C)), k > 5.

Theorem
Let (V, G) be as above. If N is a variety, then it is good.

e Techniques are case by case.
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Jet schemes of N

e Let V be a G-module. We use a criterion of Mustata to
establish that NV has rational singularities.

o Let X=(x0,...,xm) € V™l and £ = (&, ..., Em) € (V)™
The mth jet scheme N, of N is given by the following equations
where A runs through a basis of g.

(e.0) $0(A(x0)) =0,
(e.1) §o(A(x1)) + €1(A(x0)) = 0,
(e.2) §0(A(x2)) + &1(A(x1)) + &2(A(x0)) = 0,
(e3)  &(A()) + &(Alx)) + &(A(x)) + &(A(x)) =0,
(e.m) §o(A(xm)) + E1(A(Xm-1)) + -+ - + Em(A(x0)) = 0.

o Llet pm: Ny — N be the projection.
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Mustata's theorem

Theorem (Mustatd, Invent. 2001)

Let N be a local complete intersection variety. The following are
equivalent for m > 1 and each implies that
dim Ny = (m+1)dim N.

1. N,, is irreducible.

2. dim p;t(Nsing) < (m+ 1) dim N.

Moreover, N has rational singularities if and only if (1) or (2) holds
for all m>1.
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(*) implies Main Theorem

e Assume (x) holds for all symplectic slice representations of N.
e Can show that N has FPIG, is Cl and normal.

e Can assume by induction over slice representations that

N\ NC(N) has rational singularities.

e Canassume V¢ =0. If G%is a torus N is good.

Otherwise can assume A(V) < dim V —dim G.

Let N/, be closure of p,}(N \ NC(N)sing)-

N! . is irreducible. Show N, = N/..
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Points in N, lying over NC(N)

Fix X = (x0,- - ., Xm) € VML,

Let r; be the rank of the (dim G) equations (e.j) on (V*)™+1.
Let Y C (V*)™*! be solutions to (e.0)—(e.m) with our fixed X.
Y is linear of dimension (m + 1) dim V* — > r;.

Lemma
The projection £ — &y maps Y onto a linear subspace F, C V* of
dimension dim V* — r,;, > dim V* —dim G.

By (x), dim F,,, > A(V*) = A(V) so that F,,, & NC(V*).
If (Xo,go) € N and & §Z./\/'C(V*), then (Xo,fo) gNC(N)
Hence p - L(NC(N)) N ({X} x Y) is not dense in {X} x Y.
So NI N ({X} x Y) is dense in {X} x Y.

Since X is arbitrary, N/, is dense in Np,.

So N, is irreducible and N has rational singularities.
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