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1. Dynamical degree

Let X0 be an affine surface over a field K and let f P AutpX0q. A completion X of X0 is a
projective surface with an open embedding X0 ãÑ X . Let H be an ample divisor over X . The
dynamical degree of f is defined as the following limit

λ p f q :“ lim
n

pp f nq˚H ¨ Hq1{n . (1)

It does not depend on X nor on H.
An automorphism is called loxodromic if λ p f q ą 1.

2. Rigidity of periodic points

Main theorem

Theorem 1 ([Abb24a]) Let X0 be a normal affine surface over a field K and let f ,g P
AutpX0q be loxodromic automorphisms, then

Perp f q X Perpgq Zariski dense ô Perp f q “ Perpgq. (2)

3. Dynamics of a loxodromic automorphism

Theorem 2 ([Abb23]) If f is a loxodromic automorphisms of X0, there exists a completion X
of X0 and p`, p´ P XzX0pKq such that

1. p` ‰ p´.
2. f pp`q “ p`, f ´1pp´q “ p´.

3. There exists N0 ě 1, f ˘N0 pXzX0q “ p˘.
4. f ˘1 at p˘ is locally attracting for any absolute value over K for the Euclidian topology.

If v is an absolute value on K, write Cv is the completion of the algebraic closure of K with
respect to v.

4. Construction of dynamical Green functions

Theorem 3 Let v be an absolute value over K with an embedding X0 ãÑ Cn
v. The functions

@p P X0pCvq, G˘
v “ lim

N

1
λ p f qN log` ˇ̌ˇ̌

f ˘Nppqˇ̌ˇ̌
(3)

are well defined over X0pCvq and satisfy the following properties:

1. Gv̆ is continuous, ě 0, plurisubharmonic and pluriharmonic over the set tGv̆ ą 0u.

2. Gv̆ ppq “ 0 if and only if t f ˘nppquně0 is bounded.

3. Gv̆

`
f ˘1ppq˘ “ λ p f qp.

The measure µv :“ ddcGv̀ ^ ddcGv́ is called the equilibrium measure of f at v.

5. Equidistribution of periodic points

Theorem 4 ([YZ23]) Suppose K is a number field. Let ppnq be a generic sequence of periodic
points of f , then for every absolute value v of K,

1
#Galppnq

ÿ

qPGalppnq
δq Ñ µv. (4)

This implies Perp f q X Perpgq Zariski dense ñ @v, µ f ,v “ µg,v.

6. Canonical heights

Theorem 5 Suppose K is a number field and M pKq is the set of (normalised) absolute
values of K. The canonical height of f is defined as

@p P X0pKq, hf ppq “ 1
#Galppq

ÿ

vPM pKq

ÿ

qPGalppq
Gvpqq (5)

where Gv :“ Gv̀ ` Gv́ . And we have p P Perp f q ô h f ppq “ 0.

Plan of proof in the number field case

Perp f q X Perpgq Zariski dense ñ @v P M pKq, µ f ,v “ µg,v ñ @v P M pKq, tGv, f “ 0u “ tGv,g “ 0u ñ Perp f q “ Perpgq.

7. The character variety of the punctured torus

Let T1 be the once punctured torus, we have π1 pT1q “ F2 “ xa,by. Let X be the character
variety

X :“ Hompπ1 pT1q ,SL2 pCqq{{SL2 pCq . (6)
By a theorem of Fricke and Klein, we have the following isomorphism

rρs P X ÞÑ pTrρpaq,Trρpbq,Trρpabqq “: px,y,zq P C3. (7)

And we have the following relation in SL2pCq:

x2 ` y2 ` z2 “ xyz ` Trρpaba´1b´1q ` 2. (8)

The generalised Mapping class group ModpT1q˚ “ GL2pZq acts on X and preserves the reg-
ular function Trρpaba´1b´1q.

9. The parameter D “ 4

It corresponds to reducible representations. We have a 2:1 cover

pu,vq P G2
m ÞÑ

ˆ
u ` 1

u
,v ` 1

v
,uv ` 1

uv

˙
. (9)

and this cover is SL2pZq-equivariant withˆ
a b
c d

˙
¨ pu,vq “ `

xayb,xcyd˘
. (10)
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8. The family of Markov surfaces

Let D P C, the Markov surface MD of parameter D is the hypersurface in C3 defined by the
equation

x2 ` y2 ` z2 “ xyz ` D. (11)
The group homomorphism

ModpT˚
1q Ą SL2pZq Ñ AutpMDq (12)

is with finite kernel and the image is of finite index.

10. Strong rigidity of periodic points

Theorem 6 ([DF17; Abb24b; Abb24a]) If X0 “ A2
C or X0 “ MD with D transcendental or

D “ 0,cos 2π
q ,q ě 2, then

Perp f q X Perpgq Zariski dense ô DN,M P Zzt0u , f N “ gM. (13)

11. Counterexamples and Conjecture

If A,B P SL2pZq, then they induce automorphisms fA, fB over G2
m and we have

Perp fAq “ UˆU “ Perp fBq (14)

and this also holds over M4.

Conjecture 7 If charK “ 0 and X0 is a normal affine surface over K, then for f ,g P AutpX0q
loxodromic one has

Perp f q “ Perpgq ô DN,M P Zzt0u , f N “ gM (15)

unless X0 “ G2
m or M4.




